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K-STABILITY OF CUBIC THREEFOLDS
YUCHEN LIU AND CHENYANG XU
Abstract. We prove the K-moduli space of cubic threefolds is identical to their GIT
moduli. More precisely, the K-(semi,poly)-stability of cubic threefolds coincide to the
corresponding GIT stabilities, which could be explicitly calculated. In particular, this
implies that all smooth cubic threefolds admit Ka¨hler-Einstein metric as well as pro-
vides a precise list of singular KE ones. To achieve this, our main new contribution is
an estimate in dimension three of the volumes of kawamata log terminal singularities
introduced by Chi Li. This is obtained via a detailed study of the classification of three
dimensional canonical and terminal singularities, which was established during the study
of the explicit three dimensional minimal model program.
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1. Introduction
After the celebrated work of [CDS15] and [Tia15], we know that a Fano manifold has
a Ka¨hler-Einstein (KE) metric if and only if it is K-polystable. Then the main question
left for the existence of KE metric on a Fano manifold is how to check its K-polystability.
A classical strategy first appeared in [Tia90] was using deformation in the parametrizing
space, so that from one Fano manifold X known to have KE metric, we can use continuity
method to study other Fano manifolds which can deform to X . This idea is successfully
used to find out all smooth del Pezzo surfaces with a KE metric in [Tia90] and then
extended to all (not necessarily smooth) limits of quartic del Pezzo surfaces in [MM93]
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which also gives an explicit construction of the compact moduli space. Later with a more
focus on the stability study, the work of [MM93] was further extended to limits of all
smooth KE surfaces in [OSS16].
The strategy can be summarized by two steps: in the first step, we need to give a
good control of all the possible local singularities appeared on the limit by bounding
their local volume; then in the second step, we show such limits can all be embedded in
an explicit ambient space, and this often leads to an explicit characterization by more
standard methods, e.g. the geometric invariant theory (GIT).
After the case of surface is completely settled, it is natural to apply this strategy to
higher dimensional examples. Built on the results in [CDS15, Tia15, Ber16], in [LWX14]
(see also [Oda15, SSY16]) we construct an algebraic scheme M which is a good quotient
moduli space with closed points parametrizing all smoothable K-polystable Q-Fano va-
rieties X . However, the construction is essentially theoretical and can not lead to an
effective calculation. One sticky point is that although X is often explicitly given, the
limits from the continuity method may be embedded in a much larger ambient space,
which we do not have a direct control of it.
On the other hand, there is an indirect way to study the limit. In fact, using a com-
pletely algebraic approach and built on the global work of [Fuj18] and the local study of
[Li18], in [Liu18] an inequality
v̂ol(x,X) ·
(
n+ 1
n
)n
≥ (−KX)
n
between the global volume of an n-dimensional K-semistable Fano variety X and the local
volume of each singularity x ∈ X is established. Here we note that following [Li18], the
local volume v̂ol(x,X) of a kawamata log terminal (klt) singularity x ∈ X is defined as
the minimal normalized volume v̂olx,X(v) for all valuations v in Valx,X . See [Li17, LL19,
LX16, Blu18] for some recent progress on this topic.
Then when the volume of X is large, by a detailed analysis of volumes of singularities,
we hope that the local volume bound obtained by [Liu18] is restrictive enough so that
we can use it to show that all the limiting objects are only mildly singular. Once this is
true, then we will have a chance to proceed as in the surface case by showing that X and
its limits are contained in a (not very large) natural ambient space. This way we could
obtain the needed explicit description.
In this note, we carry out this strategy for cubic threefolds and prove the following
theorem.
Theorem 1.1. If a (possibly singular) cubic hypersurface X ⊂ P4 is GIT polystable (resp.
semistable), then X is K-polystable (resp. K-semistable).
In particular, if we let (U ss ⊂ P34) parametrize all GIT-semistable Fano cubic hyper-
surfaces in P4, the GIT quotient morphism
U ss →MGIT :=defn U
ss//PGL(5).
explicitly yields the proper good quotient moduli space M parametrizing all K-polystable
threefolds which can be smoothable to a cubic threefold.
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By the classification in [All03], we have a concrete description.
Corollary 1.2. We have the following list which gives all the closed points of M(= MGIT)
in Theorem 1.1:
(1) All smooth cubic threefolds are K-stable;
(2) All cubic threefolds only containing isolated Ak singularities (k ≤ 4) are K-stable;
(3) There are two type K-polystable cubic threefolds with non-discrete automorphisms:
F∆ = x0x1x2 + x
3
3 + x
3
4 and FA,B = Ax
3
2 + x0x
2
3 + x
2
1x4 − x0x2x4 +Bx1x2x3.
In particular, each cubic threefold on the above list admits a KE metric.
We note that combined Corollary 1.2 with [Che01, CP02] and [Fuj16, Corollary 1.4]
which say that all smooth quartic threefolds are K-stable, we answer affirmatively the
folklore conjecture that all smooth Fano hypersurfaces have KE metrics for dimension 3.
As we mentioned, we need a local result which uses the volume to bound the singular-
ities. For instance, we aim to show that all objects parametrized by M are Gorenstein.
The key local result is the following.
Theorem 1.3. Let x ∈ X be a three dimensional (non-smooth) klt singularity. Then
(1) v̂ol(x,X) ≤ 16 and the equality holds if and only if it is an A1 singularity;
(2) If x ∈ X is a quotient singularity by a finite group G whose action is free in codi-
mension 1, then v̂ol(x,X) = 27/|G|;
(3) v̂ol(x,X) ≤ 27
r
where r is the maximal order of a torsion element in the class group;
(4) If x ∈ X is not a quotient singularity and there exists a nontrivial torsion class in
Pic(x ∈ X), then v̂ol(x,X) ≤ 9.
Remark 1.4. While we were preparing this note, the authors of [SS17] informed us by
using a more analytic approach, they made a similar investigation on n-dimensional del
Pezzo manifolds of degree 4, i.e. the smooth intersections of two quadratics in Pn+2.
More precisely, they obtain the description of the K-moduli as the GIT quotient for the
compactification of degree 4 del Pezzo manifolds. In particular, this way they give a
different proof of the existence of KE metric on degree 4 del Pezzo manifolds which was
first established in [AGP06].
In fact, they also consider cubic hypersurfaces in [SS17], and show that the statement
as in Theorem 1.1 saying that the GIT stability is the same as K-stability in any arbitrary
dimension follows from an estimate of the largest volume of non-smooth points as stated in
Conjecture 4.5 (but for an analytic definition of the local volume). So the main technical
contribution in the current paper is the various local estimates in Theorem 1.3. For
instance, Theorem 1.3.1 settles Conjecture 4.5 in dimension three.
It was shown in [TX17] that the local fundamental group of a three dimensional alge-
braic klt singularity is finite (also see [Xu14] for a result on general dimension). Using
similar arguments in proving Theorem 1.3, we give an effective upper bound on the size
of the local fundamental group in terms of volumes:
Theorem 1.5. If x ∈ X is a three dimensional algebraic klt singularity, then
|π1(Link(x ∈ X))| · v̂ol(x,X) < 324.
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When a klt singularity appears on the Gromov-Hausdorff limit of smooth KE Fano
manifolds, it is easy to see the volume is at most nn (which is the volume of smooth
points) by Bishop Comparison Theorem. In Appendix A, we show that this in fact holds
for all klt singularities as in the following theorem. This can be viewed as a local analogue
of the global volume bounds in [Fuj18, Theorem 1.1].
Theorem 1.6. Let x ∈ X be an n-dimensional klt singularity. Then v̂ol(x,X) ≤ nn and
the equality holds if and only if x ∈ X is smooth.
1.1. Outline of the proof. To help the reader to understand the results, we give an
outline of our proofs. We first explain our strategy for proving Theorem 1.3, which is
the most technical part of this paper. The proof of Theorem 1.3.1 relies on a detailed
study of three dimensional canonical singularities, which is a classical topic on birational
geometry of threefolds. More precisely, by taking the index-1 cover and applying Theorem
2.7, we can reduce to the case that the singularity is Gorenstein; then by induction
on the number of the crepant divisors, i.e. divisors with discrepancy 0, and applying
Lemma 2.9, we only need to understand two cases: a Gorenstein terminal singularity
and a Gorenstein canonical singularity equipped with a smooth crepant resolution with
an irreducible exceptional divisor. In dimension three, a Gorenstein terminal singularity
is known to be a hypersurface singularity, and then the estimate is straightforward (see
Lemma 3.1). In the case of Gorenstein canonical (but non-terminal) singularity, the
geometry of the exceptional divisor has been classified (see [Rei94]), and a detailed study
of such a classification is used to find suitable valuations to complete the estimate (see
Proposition 3.4). In fact, we can always choose a valuation v which is either a valuation
over a singularity on the terminalization, hence we reduce to the case of Gorenstein
terminal singularity, or a crepant divisor, i.e., a divisor with discrepancy 0, such that
v̂ol(v) ≤ 16. In our argument, the classification results of three dimensional singularities
are essential, and their generalizations to higher dimension seem to be challenging to us.
To obtain Theorem 1.3.2-4, another technical point in our argument we want to make is
that the assumptions in Theorem 1.3.2-4 yield quasi-e´tale Galois coverings, that is, Galois
coverings which are ramified along loci of codimension at least 2. Therefore, ideally a key
ingredient to prove this kind of results would be a multiplication formula as stated in
Conjecture 4.1. Unfortunately, for now we are still lack of a method to prove Conjecture
4.1. So while Theorem 1.3.2 directly follows from [LX16], we have to go through a more
complicated discussion and obtain weaker results as in Theorem 1.3.3-4. For Theorem
1.3.3, when the index-1 cover is terminal, we can apply Lemma 3.1; and if the index
1-cover is strictly canonical, we can find apply [HX09] to find a Z/r-fixed point on the
terminalization (see Lemma 3.7). The argument for 1.3.4 is similar to the proof of Theorem
1.3.1, but we also need to track the group action. By the previous discussions, the only
case left is when the index-1 cover is strictly canonical and the cover map is of degree 2.
Then we again study Reid’s classification in details and carefully choose a Z/2-invariant
valuation with normalized volume no more than 18 (see Proposition 3.8). In one case, we
need to look at a new type of valuations (see the last case in the proof of Lemma 3.10).
As we mentioned, once Theorem 1.3 is proved, then the implications to Theorem 1.1
and Theorem 1.5 is straightforward.
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Finally, the proof of Theorem 1.6 uses the fact that under a specialization, we can take
a flat degeneration of an m-primary ideal so that the colengths remain the same, but the
log canonical thresholds only possibly decrease.
Notation and Conventions: We follow the standard notations as in [Laz04a, KM98,
Kol13]. Any singularity (X, x) we consider in this note is the localization of a point x on
an algebraic variety X (over C). We use the standard notation 1
r
(a1, ..., an) to mean the
quotient singularity given by Z/r action generated by g · (x1, ..., xn) → (ξa1x1, ..., ξanxn)
where ξ is a primitive r-th root of unity.
If (X,∆) is a log pair such that KX+∆ is Q-Cartier, we denote by A(X,∆)(v) (or AX(v)
if ∆ = 0) the log discrepancy of a valuation v over (X,∆) (see [BdFFU15, Theorem 3.1]).
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2. Properties of volumes
2.1. Volume of a klt singularity. In this section, we define the volume of a klt singu-
larity as the minimum of the normalized volume of all real valuations over x. The latter
notion of normalized volume is first defined in [Li18] as follows:
Definition 2.1 ([Li18, Section 3]). Let X be an n-dimensional klt singularity. Let x ∈ X
be a closed point. Then the normalized volume function of valuations v̂olX,x : ValX,x →
(0,+∞) is defined as
v̂olX,x(v) =
{
AX(v)
n · volX,x(v), if AX(v) < +∞;
+∞, if AX(v) = +∞.
Here AX(v) means the log discrepancy of the valuation, and vol(v) is the volume.
Then we can define the volume of a klt singularity x ∈ X to be
v̂ol(x,X) =defn min v̂ol(v) for all v ∈ ValX,x.
We remark that in [Li18] it was show the infimum of the right hand side exists as a positive
number; later in [Blu18], the existence of a minimum is confirmed.
There are two other different ways to characterize the volume of a klt singularity. One
is using ideals (or graded sequence of ideals). More precisely, we have the following.
Theorem 2.2 ([Liu18], [Blu18]). Let (X, x) = (SpecR,m), where R is a local ring essen-
tially of finite type and m is the maximal ideal, then
v̂ol(x,X) = inf
a : m-primary
lct(a)n ·mult(a) = min
a• : m-primary
lct(a•)
n ·mult(a•),
where a• means a graded ideal sequence.
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For the definition of lct(a) and lct(a•), see [Laz04b, 9.3.14 and 11.1.22].
Recall that a Kolla´r component S over a klt singularity x ∈ X is given by a birational
morphism f : Y → X , such that f is isomorphic over X \ {x}, f−1(x) is the irreducible
divisor S where (Y, S) is plt and −S is f -ample. Such a morphism f : Y → X is also
called a plt blow up (see [Pro00, Definition 2.1] or [Xu14, P 412]). Then the second
approach of characterizing the volume is using birational models.
Theorem 2.3 ([LX16]). Let (X, x) = (SpecR,m), then
v̂ol(x,X) = inf
model Y
vol(Y/X) = inf
Kolla´r component S
v̂ol(ordS).
(For the definition of vol(Y/X), see [LX16]).
2.2. Volumes under Galois finite morphisms. We will study the change of the vol-
ume under a finite Galois quotient morphism. As we mentioned in Conjecture 4.1, we
expect there is a degree formula. However, what we can prove in this section is weaker.
In the below, we use the approach of ideals to treat it, as we hope it could be later
generalized to positive characteristics. We can also use the approach of models to get the
comparison results which we need later. See Remark 2.8.
Let (x ∈ X) be an algebraic klt singularity over C with a finite group action by G. We
define
v̂ol
G
(x,X) =defn inf
v∈ValGX,x
v̂ol(v),
where ValGX,x means the G-invariant points in ValX,x. Actually, the approach in [Blu18]
should be extended into this setting to show that in the above definition, the infimum is
indeed a minimum. More challengingly, by the uniqueness conjecture of the minimizer
(see [Li18, Conjecture 6.1.2]), we expect the following is true.
Conjecture 2.4. We indeed have v̂ol
G
(x,X) = v̂ol(x,X).
As we will see, this is equivalent to Conjecture 4.1.
Throughout this section, when a finite group G acts on a Noetherian local ring (R,m),
we denote by RG the subring of G-invariant elements in R. For an ideal a of R, we denote
by aG := a ∩ RG. Denote by n := dimR.
Lemma 2.5. Let (R,m) be the local ring of a complex klt singularity. Let G ⊂ Aut(R/C)
be a finite subgroup acting freely in codimension 1 on Spec(R). Then for any mG-primary
ideal b in RG, we have
lct(bR) = lct(b), mult(bR) = |G| ·mult(b).
Proof. The first equality of lct’s is an easy consequence of [KM98, 5.20]. The second
equality of multiplicities follows from [Mat86, Theorem 14.8]. 
The following lemma is also true in characteristic p > 0 when the order of G is not
divisible by p. A characteristic free proof will follow from Lemma 2.5 and [Sym00]. Here
we present a proof that works only in characteristic zero.
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Lemma 2.6. Let (R,m) be the local ring of a complex klt singularity. Let G ⊂ Aut(R/C)
be a finite subgroup acting freely in codimension 1 on Spec(R). Then for any G-invariant
m-primary ideal a of R, we have
lct(a)nmult(a) ≥ |G| inf
b : mG-primary
lct(b)nmult(b).
Proof. Let us introduce some notations before we start the proof. For any local ring
(R,m) = (Ox,X ,mx) of a closed point x on a normal klt variety X over C, we denote by
JacR the ideal in R as the localization of the Jacobian ideal JacX at x. Recall the Jacobian
ideal is defined as JacX := Fitt0(ΩX), where Fitt0 denotes the 0-th fitting ideal as in [Eis95,
Section 20.2]. Note that the singular locus ofX is equal to Cosupp(JacX). If a• is a graded
sequence of m-primary ideals, then the asymptotic multiplier ideal J (R,m · a•) with
m ∈ Z>0 is defined to be the maximal element of the multiplier ideals {J (R,
1
l
·aml)}l∈Z>0
(see e.g. [BdFFU15] or [Blu18, Section 3.2]). If a is an ideal of R, then a denotes the
integral closure of a in R.
Let d := |G|. For any element z ∈ JacRG · a
m, we know that z is a root of the monic
polynomial
f(x) :=
∏
g∈G
(x− g(z)) = xd + c1x
d−1 + c2x
d−2 + · · ·+ cd.
Since JacRG is G-invariant, we see that if we write z =
∑k
j=1 φjψj where φj ∈ JacRG and
ψj ∈ am, then
ci = (−1)
i
∑
|I1|+···+|Ik|=i
k∏
j=1
φ
|Ij|
j ·
(∏
g∈I1
g(ψ1) · · ·
∏
g∈Ik
g(ψk)
)
,
where the sum runs over all I1, ..., Ik which are disjoint subsets of G. This implies ci ∈
JaciRG · (a
mi)G. Denote by bs := (a
s)G. By [Blu18, Proposition 3.4], we have
ci ∈ Jac
i
RG · (a
mi)G = JaciRG · bmi ⊂ J (R
G, m · b•)
i.
Hence we know that z ∈ J (RG, m · b•)R, which implies JacRG · a
m ⊂ J (RG, m · b•)R.
Since R is a finite RG-module, we know that b1 = a
G is an mG-primary ideal in RG. Hence
b1R is an m-primary ideal in R. Choose a positive integer l such that m
l ⊂ b1R. Then
for any m ∈ Z>0 we have
m
ml ⊂ (b1R)
m ⊂ bmR ⊂ J (R
G, bm)R ⊂ J (R
G, m · b•)R.
Therefore, we have
(JacRGR +m
ml) · am ⊂ JacRG · a
m +mml ⊂ J (RG, m · b•)R.
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Hence by Teissier’s Minkowski inequality [Tei77], we know that
lim sup
m→∞
1
mn
mult(J (RG, m · b•)R) = lim sup
m→∞
1
mn
mult(J (RG, m · b•)R)
≤ lim sup
m→∞
1
mn
mult((JacRGR +m
ml) · am)
≤ lim sup
m→∞
1
mn
(
mult(JacRGR +m
ml)1/n +mult(am)1/n
)n
(2.1)
= lim sup
m→∞
mult(am)
mn
= mult(a).
Let us explain the second last equality. Denote by R′ := R/JacRGR and m
′ := m/JacRGR.
Since JacRG 6= 0, the local ring (R
′,m′) has dimension at most (n− 1). Thus
lim
m→∞
mult(JacRGR +m
ml)
mn
= lim
m→∞
ℓ(R/(JacRGR +m
ml))
mn/n!
= lim
m→∞
ℓ(R′/(m′)ml)
mn/n!
.
The last limit is zero since ℓ(R′/(m′)ml) = O(mdim(R
′)) and dim(R′) < n.
To bound the log canonical threshold, we notice the following inequality appeared in
[Mus02, 3.6 and 3.7]:
lct(b•)
m
≤ lct(J (RG, m · b•)) ≤
lct(b•)
m− lct(b•)
for any m > lct(b•). In particular, we have that
lim sup
m→∞
m · lct(J (RG, m · b•)) ≤ lim sup
m→∞
m · lct(b•)
m− lct(b•)
= lct(b•).
Since bsR = (a
s)GR ⊂ as, we know that
lct(b•) = lim
s→∞
s · lct(bs) = lim
s→∞
s · lct(bsR) ≤ lim
s→∞
s · lct(as) = lct(a).
Combining the last two inequalities, we have
(2.2) lim sup
m→∞
m · lct(J (RG, m · b•)) ≤ lct(a).
Combining (2.1) and (2.2) yields
lct(a)n ·mult(a) ≥ lim sup
m→∞
lct(J (RG, m · b•))
n ·mult(J (RG, m · b•)R)
= |G| · lim sup
m→∞
lct(J (RG, m · b•))
n ·mult(J (RG, m · b•))
≥ |G| · inf
b : mG-primary
lct(b)nmult(b).
Hence we prove the lemma. 
Theorem 2.7. Let (X˜, x˜) be a complex klt singularity with a faithful action of a finite
group G that is free in codimension 1. Let (X, x) := (X˜, x˜)/G. Then
(1) We have
v̂ol
G
(x˜, X˜) = |G| · v̂ol(x,X) = inf
a : mx˜-primary
G-invariant
lct(X˜ ; a)n ·mult(a).
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(2) For any subgroup H ( G, we have
v̂ol
G
(x˜, X˜) < [G : H ] · v̂ol
H
(x˜, X˜).
In particular, if |G| ≥ 2 then v̂ol(x,X) < v̂ol(x˜, X˜).
(3) If moreover we assume (X˜, x˜) is quasi-regular in the sense of [LX16], that is, the
v̂ol(X˜, x˜) is calculated by the normalized volume of a divisorial valuation over x,
then we have
v̂ol(x˜, X˜) = v̂ol
G
(x˜, X˜) = |G| · v̂ol(x,X)
Proof. (1) Firstly, for any G-invariant valuation v on X˜ centered at x˜, we have
v̂ol(v) ≥ lct(a•(v))
n ·mult(a•(v))
by the proof of Theorem 2.2 in [Liu18]. Since a•(v) is a graded sequence of G-invariant
ideals, we have
(2.3) v̂ol
G
(x˜, X˜) ≥ inf
a : mx˜-primary
G-invariant
lct(X˜ ; a)n ·mult(a).
Secondly, applying Lemma 2.6 and [Liu18, Theorem 27] yields
(2.4) inf
a : mx˜-primary
G-invariant
lct(X˜ ; a)n·mult(a) ≥ |G| inf
b : mx-primary
lct(X ; b)n·mult(b) = |G|·v̂ol(x,X).
Finally, let S be an arbitrary Kolla´r component on (X, x). By [LX16], π∗S is also a
Kolla´r component up to scaling, where π : X˜ → X is the quotient map. It is clear that
AX˜(π
∗S) = AX(S) and vol(π
∗S) = |G| · vol(S). Hence Theorem 2.3 implies
(2.5) v̂ol
G
(x˜, X˜) ≤ inf
S
v̂ol(π∗S) = |G| · inf
S
v̂ol(S) = |G| · v̂ol(x,X).
The proof of (1) is finished by combining (2.3), (2.4) and (2.5).
(2) Denote by (R,m) := (OX˜,x˜,mx˜). By (1) it suffices to show that
(2.6) inf
b : m-primary
G-invariant
lct(b)n ·mult(b) < [G : H ] · v̂ol
H
(x˜, X˜).
By [Blu18], there exist a sequence of mH -primary ideals cm of R
H and δ > 0, such that
lct(c•)
n ·mult(c•) = inf
c : mH -primary
lct(c)n ·mult(c) =
v̂ol
H
(x˜, X˜)
|H|
and cm ⊂ (mH)⌊δm⌋ for all m. Let us pick g1 = id, g2, · · · , g[G:H] ∈ G such that {giH} =
G/H is the set of left cosets of H in G. Let bm :=
⋂[G:H]
i=1 gi(cmR). It is clear that
(b•) is a graded sequence of G-invariant m-primary ideals. Since bm ⊂ cmR, we have
lct(bm) ≤ lct(cmR) = lct(cm) which implies lct(b•) ≤ lct(c•). Since
ℓ(R/a ∩ b) = ℓ(R/a) + ℓ(R/b)− ℓ(R/(a+ b)),
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by induction we have
ℓ(R/bm) = ℓ(R/
[G:H]⋂
i=1
gi(cmR))
= ℓ(R/cmR) + ℓ(R/
[G:H]⋂
i=2
gi(cmR))− ℓ(R/(cmR +
[G:H]⋂
i=2
gi(cmR)))
≤
[G:H]∑
i=1
ℓ(R/gi(cmR))− ℓ(R/
[G:H]∑
i=1
gi(cmR))
= [G : H ] · ℓ(R/cmR)− ℓ(R/
[G:H]∑
i=1
gi(cmR)).
Since cm ⊂ (mH)⌊δm⌋, we have cmR ⊂ m⌊δm⌋. Thus gi(cmR) ⊂ m⌊δm⌋ which implies∑[G:H]
i=1 gi(cmR) ⊂ m
⌊δm⌋. Hence we have
mult(b•) = lim sup
m→∞
ℓ(R/bm)
mn/n!
≤ lim sup
m→∞
[G : H ] · ℓ(R/cmR)− ℓ(R/
∑[G:H]
i=1 gi(cmR))
mn/n!
≤ [G : H ] ·mult(c•R)− lim
m→∞
ℓ(R/m⌊δm⌋)
mn/n!
= |G| ·mult(c•)− δ
nmult(m)
< |G| ·mult(c•).
Therefore,
lim
m→∞
lct(bm)
n ·mult(bm) = lct(b•)
n ·mult(b•)
< |G| · lct(c•)
n ·mult(c•)
= [G : H ] · v̂ol
H
(x˜, X˜).
This finishes the proof of (2.6).
(3) Since (X˜, x˜) is quasi-regular, there exists a unique Kolla´r component S over (X˜, x˜)
such that ordS minimizes v̂ol in ValX˜,x˜ by [LX16]. It is clear that v̂ol(g
∗ordS) = v̂ol(ordS)
for any g ∈ G, hence g∗S = S since they are both Kolla´r components minimizing v̂ol.
Thus ordS ∈ Val
G
X˜,x˜
. 
Remark 2.8. If a finite group G acts on a singularity x˜ ∈ X˜ , we can also consider G-
equivariant birational models Y → X˜ and study the volume of the model vol(Y/X˜) (see
[LX16, Definition 3.3]). By running an equivariant minimal model program, it is not hard
to follow the arguments in [LX16] verbatim to show that
inf
G−model Y
vol(Y/X˜) = v̂ol
G
(x˜, X˜).
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Then Theorem 2.7.1 can be also obtained using the comparison of volume of models under
a Galois quotient morphism.
2.3. Volumes under birational morphisms.
Lemma 2.9. Let φ : Y → X be a birational morphism of normal varieties. Then
(1) For any closed point y ∈ Y and any valuation v ∈ ValY,y, we have volX,x(φ∗v) ≤
volY,y(v) where x := φ(y).
(2) Assume both X and Y have klt singularities. If KY ≤ φ∗KX , then v̂ol(x,X) ≤
v̂ol(y, Y ) for any closed point y ∈ Y where x := φ(y).
Proof. (1) Denote by φ# : OX,x → OY,y the injective local ring homomorphism induced
by φ. Then it is clear that φ#(am(φ∗v)) = am(v)∩φ#(OX,x). Hence OX,x/am(φ∗v) injects
into OY,y/am(v) under φ
#, which implies
ℓ(OX,x/am(φ∗v)) ≤ ℓ(OY,y/am(v))
and we are done.
(2) Since KY ≤ φ∗KX , we have AX(φ∗v) ≤ AY (v) for any (divisorial) valuation v ∈
ValY,y. Hence (2) follows from (1). 
In the below, we aim to prove a stronger result Corollary 2.12 on the comparison of
volumes under a birational morphism.
Lemma 2.10. Let Y be a normal projective variety. Let L be a nef and big line bundle
on Y . Let y ∈ C be a closed point where C is a curve satisfying (C · L) = 0. Then there
exists ǫ > 0 such that
h1(Y, L⊗k ⊗mky) ≥ ǫk
n for k ≫ 1.
Proof. Let ψ : Ŷ → Y be the normalized blow up of y, i.e. Ŷ is the normalization of
BlyY . Thus we can write the relative anti-ample Cartier divisor O(−1) as
E = π−1(my) =
∑
aiEi,
where Ei are the prime components and ai is the coefficient for Ei. By [LM09, Corollary
C], we know that
(2.7) volŶ (ψ
∗L)− volŶ (ψ
∗L− E) = n
∫ 1
0
volŶ |E(ψ
∗L− tE)dt,
where volŶ |E(ψ
∗L− tE) :=
∑
aivolŶ |Ei(ψ
∗L− tE). Let Ĉ be the birational transform of
C in Ŷ . Then for a fixed t ∈ (0, 1] ∩Q we know that
((ψ∗L− tE) · Ĉ) = (L · C)− t(E · Ĉ) < 0.
Hence by [dFKL07, Proposition 1.1] there exist a positive integer q = q(t) such that
b(|k(ψ∗L− tE)|) ⊂ I⌊k/q⌋
Ĉ
for k ≫ 1 with kt ∈ Z,
where b(| · |) means the base ideal of a linear system. Pick a closed point yˆ ∈ Ĉ∩Supp(E),
then b(|k(ψ∗L − tE)|) ⊂ m⌊k/q⌋yˆ . Let Ei be a component of E containing yˆ. Then for
each divisor D ∈ |k(ψ∗L − tE)| that does not contain Ei as a component, we have
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ordyˆ(D|Ei) ≥ ⌊k/q⌋. Since ψ
∗L|Ei is a trivial line bundle and (−E)|Ei ∼ OEi(1) by the
definition of E, we have an inclusion
image(H0(Ŷ , k(ψ∗L− tE))→ H0(Ei,OEi(kt))) ⊂ H
0(Ei,OEi(kt)⊗m
⌊k/q⌋
yˆ ).
Thus we have
volŶ |Ei(ψ
∗L− tE) ≤ lim sup
k→∞
h0(Ei,OEi(kt)⊗m
⌊k/q⌋
yˆ )
kn−1/(n− 1)!
.
Let us pick q′ ≥ q such that q′ ·ǫ(OEi(1), yˆ) > t where ǫ(OEi(1), yˆ) is the Seshadri constant.
Then the following sequence is exact for k ≫ 1 with kt ∈ Z:
0→ H0(Ei,OEi(kt)⊗m
⌊k/q′⌋
yˆ )→ H
0(Ei,OEi(kt))→ H
0(Ei, (OEi/m
⌊k/q′⌋
yˆ )(kt))→ 0,
as H1(Ei,OEi(kt)⊗m
⌊k/q′⌋
yˆ ) = 0. Hence we have
volŶ |Ei(ψ
∗L− tE) ≤ lim sup
k→∞
h0(Ei,OEi(kt)⊗m
⌊k/q′⌋
yˆ )
kn−1/(n− 1)!
= lim sup
k→∞
h0(Ei,OEi(kt))− ℓ(Oyˆ,Ei/m
⌊k/q′⌋
yˆ )
kn−1/(n− 1)!
= volEi((−tE)|Ei)−
multyˆEi
(q′)n−1
< volEi((−tE)|Ei).
For any j 6= i, we have volŶ |Ej(ψ
∗L− tE) ≤ volEj((−tE)|Ej ). Hence we have
(2.8) volŶ |E(ψ
∗L− tE) <
∑
aivolEi((−tE)|Ei) = −(−E)
ntn−1 = multyY · t
n−1.
Notice that the inequality above works for all t ∈ (0, 1] ∩ Q. Since volŶ |E(ψ
∗L − tE) is
continuous in t, (2.7) and (2.8) implies that
volŶ (ψ
∗L− E) > volŶ (ψ
∗L)− n
∫ 1
0
multyY · t
n−1 = volY (L)−multyY.
Thus we have for k ≫ 1,
h1(Y, L⊗k ⊗mky) ≥ h
1(Y, L⊗k ⊗ ψ∗(OŶ (−kE)))
= h1(Ŷ , ψ∗L⊗k ⊗OŶ (−kE))
= (multyY − volY (L) + volŶ (ψ
∗L− E))
kn
n!
+O(kn−1)
≥ ǫkn.
Hence we finish the proof. 
Lemma 2.11. Let φ : (Y, y)→ (X, x) be a birational morphism of normal varieties with
y ∈ Ex(φ). Then for any valuation v ∈ ValY,y satisfying Izumi’s inequality, that is, there
exists c1 ≥ c2 > 0 such that
1
c2
· ordy ≥ v ≥
1
c1
· ordy, we have volX,x(φ∗v) < volY,y(v).
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Proof. Let us take suitable projective closures of X, Y such that φ extends to a birational
morphism between normal projective varieties. Denote by ak := ak(v) and bk := ak(φ∗v).
Then by [LM09, Lemma 3.9] there exists an ample line bundle M on X such that for
every k, i > 0 we have H i(X,M⊗k ⊗ bk) = 0. Thus we have
(2.9) lim sup
k→∞
h0(X,M⊗k ⊗ bk)
kn/n!
= volX(M)− volX,x(φ∗v).
Since v satisfies the Izumi’s inequality, we know m
⌈c1k⌉
y ⊂ ak ⊂ m
⌊c2k⌋
y for k ≫ 1 for the
choice of c1, c2. Thus we have the following relations
H1(Y, (φ∗M)⊗k ⊗ ak)։ H
1(Y, (φ∗M)⊗k ⊗m⌊c2k⌋y ),
H i(Y, (φ∗M)⊗k ⊗ ak)
∼=
−→ H i(Y, (φ∗M)⊗k) for any i ≥ 2.
Since hi(Y, (φ∗M)⊗k) = O(kn−1), we have
lim sup
k→∞
h0(Y, (φ∗M)⊗k ⊗ ak)
kn/n!
= volY (φ
∗M)− volY,y(v) + lim sup
k→∞
h1(Y, (φ∗M)⊗k ⊗ ak)
kn/n!
≥ volX(M)− volY,y(v) + lim sup
k→∞
h1(Y, (φ∗M)⊗k ⊗m⌊c2k⌋y )
kn/n!
By Lemma 2.10, there exists ǫ > 0 such that h1(Y, (φ∗M)⊗k ⊗ m⌊c2k⌋y ) ≥ ǫkn for k ≫ 1.
Thus
(2.10) lim sup
k→∞
h0(Y, (φ∗M)⊗k ⊗ ak)
kn/n!
≥ volX(M)− volY,y(v) + n!ǫ.
Since bk = φ∗ak, we know that the left hand sides of (2.9) and (2.10) are the same. As a
result,
volX(M)− volX,x(φ∗v) ≥ volX(M)− volY,y(v) + n!ǫ
and we finish the proof. 
Corollary 2.12. Let φ : (Y, y)→ (X, x) be a birational morphism of klt singularities such
that y ∈ Ex(φ). If KY ≤ φ∗KX , then v̂ol(x,X) < v̂ol(y, Y ).
Proof. Let v∗ ∈ ValY,y be a minimizer of v̂ol whose existence was proved in [Blu18]. Then
AY (v∗) < +∞ which implies that v∗ satisfies Izumi’s inequality by [Li18, Proposition 2.3].
By Lemma 2.11 we know that volX,x(φ∗v∗) < volY,y(v∗). The assumption KY ≤ φ∗KX
implies that AX(φ∗v∗) ≤ AY (v∗). Hence the proof is finished. 
3. Volumes of threefold singularities
This section is the main technical contribution of our paper. We will estimate some
upper bound of the volume of three dimensional klt singularities and prove Theorem 1.3.
We first prove that any three dimensional singular point will have volume at most 16,
which is Theorem 1.3.1. We obtain this by going through some explicit descriptions. Then
taking the action by a cyclic group into the account of the analysis, we obtain Theorem
1.3.3-4. A similar argument will also give the proof of Theorem 1.5. Note that Theorem
1.3.2 is a direct consequence of [LX16, Example 7.1.1].
14 YUCHEN LIU AND CHENYANG XU
3.1. Estimate on the local volume.
Lemma 3.1. Let (X, x) be a canonical hypersurface singularity of dimension n. Assume
a finite group G acts on (X, x). Then
(3.1) v̂ol
G
(x,X) ≤ (n+ 1−multxX)
n ·multxX ≤ n
n.
In particular, v̂ol
G
(x,X) ≤ 2(n− 1)n unless (X, x) is smooth.
Proof. Fix an embedding (X, x) ⊂ (An+1, o), consider the blow up φ : BloAn+1 → An+1
with exceptional divisor E. Let Y := φ−1∗ (X), then by adjunction we have that
ωY ∼= φ
∗ωX ⊗OY ((n−multxX)E|Y ).
Let ν : Y → Y be the normalization, then ωY
∼= I · ν∗ωY where I ⊂ OY is the conductor
ideal. As a result, we have
KY ≤ (φ ◦ ν)
∗KX + (n−multxX)ν
∗(E|Y ).
Let F be a prime divisor in ν∗(E|Y ) of coefficient a ≥ 1. Then we have AX(ordF ) ≤
1 + (n−multxX)a and ordF (mx) = ordF (ν∗(E|Y )) = a. Thus we have
lct(X ;mx) ≤
AX(ordF )
ordF (mx)
≤
1 + (n−multxX)a
a
≤ n+ 1−multxX.
It is clear that the maximal ideal mx is G-invariant. Hence (3.1) follows from lct(X ;mx) ≤
n+ 1−multxX by Theorem 2.7. 
The following structure result for strictly canonical equivariant singularities is useful to
reduce the estimate of their volumes to the case of terminal singularities.
Lemma 3.2. Let X be a variety with canonical singularities. Assume a finite group G
acts on X. Then there exists a G-equivariant proper birational morphism φ : Y → X such
that Y is G-Q-factorial terminal and KY = φ∗KX . If moreover that X is Gorenstein,
then such Y is Gorenstein as well. Such Y will be called a G-equivariant maximal crepant
model over X.
Proof. By [KM98, Proposition 2.36], there are only finitely many crepant exceptional
divisors over X . Then the lemma is an easy consequence of [BCHM10] (see also [Kol13,
Corollary 1.38]) by extracting all crepant exceptial divisors over X using G-MMP. 
We need a lemma on del Pezzo surfaces.
Lemma 3.3. If E is a normal Gorenstein surface such that −KE is ample, then either
E is a generalized cone over an elliptic curve or E only has rational double points.
Proof. See [Bre80, Theorem 1]. 
Next we will prove the inequality part of Theorem 1.3.1. Let x ∈ X be a three di-
mensional non-smooth klt singularity. Denote the index 1 cover of x ∈ X by x˜ ∈ X˜ . If
x˜ ∈ X˜ is smooth, then x ∈ X is a quotient singularity which implies v̂ol(x,X) ≤ 27
2
<
16. Thus we may assume that x˜ ∈ X˜ is singular. Then Theorem 2.7.2 implies that
v̂ol(x,X) ≤ v̂ol(x˜, X˜). Hence it suffices to prove the inequality part of Theorem 1.3.1
under the assumption that x ∈ X is Gorenstein. This is shown in the the following result.
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Proposition 3.4. Let (X, x) be a Gorenstein canonical singularity of dimension 3. Then
v̂ol(x,X) ≤ 16 unless (X, x) is smooth.
Proof. Let us first recall a Gorenstein terminal three dimensional singularity is a com-
pound Du Val (or cDV) singularity (see [KM98, Definition 5.32 and Theorem 5.34]). In
particular, it is a hypersurface singularity.
Thus we may assume that (X, x) is not a cDV singularity, otherwise we could conclude
by Lemma 3.1. Let φ1 : Y1 → X be a maximal crepant model constructed in Lemma 3.2.
From [KM98, Theorem 5.35] we know that there exists a crepant φ1-exceptional divisor
E ⊂ Y1 over x. Let us run (Y1, ǫE)-MMP over X for 0 < ǫ ≪ 1. By [Kol13, 1.35] this
MMP will terminate as Y1 99K Y → Y ′, where Y1 99K Y is the composition of a sequence
of flips, and g : Y → Y ′ contracts the birational transform of E, which we also denote by
E as abuse of notation. It is clear that Y is a maximal crepant model over X as well, so
it is Gorenstein terminal and Q-factorial. If dim g(E) = 1, then the generic point of g(E)
is a codimension two point on Y ′ with a crepant resolution, thus Y ′ has non-isolated cDV
singularities along general points in g(E) (see e.g. [KM98, Theorem 4.20]). Hence for a
general point y′ ∈ g(E), Lemma 3.1 and 2.9 imply that
v̂ol(x,X) ≤ v̂ol(y′, Y ′) ≤ 16
and we are done.
The only case left is when g(E) = y′ is a point. If Y has a singularity y along E, then
since it is terminal Gorenstein, we know
v̂ol(y′, Y ′) ≤ v̂ol(y, Y ) ≤ 16.
So we can assume Y is smooth along E. In particular, the divisor E is Cartier in Y , so
E is Gorenstein. Since (−E) is g-ample, KE = (KY +E)|E = E|E and AY ′(ordE) = 1, it
is clear that E is a reduced irreducible Gorenstein del Pezzo surface, and
v̂ol(y′, Y ′) ≤ v̂oly′,Y ′(ordE) = (E
3) = (−KE)
2 =: m.
Firstly, we treat the case when E is normal. By Lemma 3.3, E is either a cone over
an elliptic curve or E only has rational double point. In the first case, let y be the cone
point, then
m = (−KE)
2 = edim(E, y) ≤ edim(Y, y) = 3,
where edim(E, y) and edim(Y, y) denote the embedding dimension of the singularities. In
the latter case,
m = (−KE)
2 ≤ 9.
Now the only case left is when E is non-normal. Since E is a reduced irreducible non-
normal Gorenstein del Pezzo surfaces, Reid’s classification [Rei94, Theorem 1.1] tells us
that E is one of the following:
• The degree m = (−KE)2 is 1 or 2, such E is classified by [Rei94, 1.4];
• Cone over a nodal/cuspidal rational curve, then the assumption that edim(E, y) ≤ 3
implies m ≤ 3;
• A linear projection of Veronese P2 ⊂ P5, then m = (−KE)2 = 4;
• A linear projection of Fm−2;1 by identifying a fiber with the negative section;
• A linear projection of Fm−4;2 by identifying the negative section to itself via an
involution.
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We recall the definition of Fa;k in [Rei94]. For an integer a ≥ 0, denote the a-th
Hirzebruch surface by Fa with A and B being its fiber and negative section, respectively.
Then for any integer k > 0, the complete linear system |(a+k)A+B| induces an embedding
of Fa into Pa+2k+1. We denote the image by Fa;k. It is clear that Fa;k is a surface of degree
a+ 2k in Pa+2k+1, with negative section B of degree k.
In the first three cases, we have m ≤ 4 and we are done.
To proceed, we will show that in the last two cases indeed m = 7 in both cases. Hence
v̂ol(y′, Y ′) ≤ v̂oly′,Y ′(ordE) = m = 7.
In the fourth case, E is a linear projection of Fm−2;1, so it is obtained by gluing a fiber
A with the negative curve B from its normalization E ∼= Fm−2. Denote by τ : A → B
the gluing morphism and ν : E → E the normalization map. Let C be the reduced
curve in E whose support is ν(A) = ν(B). By [Rei94, 2.1] we have OE = ker(ν∗OE →
(ν|A∪B)∗OA∪B/OC). Here A ∪ B is a reduced closed subscheme of E. Let us pick an
analytic local coordinate (u1, u2) on E with origin at y¯ := A ∩B such that A = (u1 = 0)
and B = (u2 = 0). Denote by y := ν(y¯). After taking completions, we get
ÔE,y¯ = C[[u1, u2]], ÔA∪B,y¯ = C[[u1, u2]]/(u1u2), ÔC,y = C[[u1 + u2, u1u2]]/(u1u2).
Hence ÔE,y = C[[u1+u2, u1u2, u21u2]]. Denote by (x1, x2, x3) := (u1+u2, u1u2, u
2
1u2), then
ÔE,y ∼= C[[x1, x2, x3]]/(x
2
3 + x
3
2 − x1x2x3).
Since Y is smooth along E, we may assume that (x1, x2, x3) is a local analytic coordinate
of Y at y. Consider the following map:
Φ : (TE ⊗OA)⊕ τ
∗(TE ⊗OB)→ (ν|A)
∗(TY ⊗OC).
The map Φ is induced by the tangent map of ν : E → Y . Since TE = 〈∂u1, ∂u2〉,
(x1, x2, x3) = (u1 + u2, u1u2, u
2
1u2) and C = (x2 = x3 = 0), we have
Φ(TE ⊗OA) = 〈∂x1 , ∂x1 + x1∂x2〉, Φ(τ
∗(TE ⊗OB)) = 〈∂x1, ∂x1 + x1∂x2 + x
2
1∂x3〉.
Thus Im(Φ) = 〈∂x1 , x1∂x2 , x
2
1∂x3〉. This implies that the cokernel of Φ near y¯ is a skyscraper
sheaf G supported at y¯ with stalk isomorphic to C3. Therefore, we have an exact sequence
0→ TC → (TE ⊗OA)⊕ (τ |A)
∗(TE ⊗OB)
Φ
−→ (ν|A)
∗(TY ⊗OC)→ G → 0.
Taking degrees of the above exact sequence, we get
deg TC + deg TY ⊗OC = deg TE ⊗OA + deg TE ⊗OB + 3
which implies degNC/Y = degNA/E + degNB/E + 3. Since Y is crepant over Y
′, we
know (KY · C) = 0 which implies degNC/Y = −2. We also know that degNA/E = 0 and
degNB/E = −(m− 2). Hence −2 = −(m− 2) + 3 which means m = 7.
In the fifth case, E is obtained by gluing the negative section via a non-trivial involution
τ : B → B from E ∼= Fm−4. Denote by C := ν(B). Let y¯ be a τ -fixed point in B. By
exactly the same computation in the proof of Lemma 3.10, we can choose a local analytic
coordinate (u1, u2) of E at y¯ such that B = (u1 = 0) and τ : B → B is given by
τ ∗(u2) = −u2. We may also find a local analytic coordinate (x1, x2, x3) of Y at y := ν(y¯)
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such that ν : E → E →֒ Y has the local expression ν(u1, u2) = (u22, u1, u1u2). Consider
the following map:
Φ : (TE ⊗OB)⊕ τ
∗(TE ⊗OB)→ (ν|B)
∗(TY ⊗OC).
The map Φ is induced by the tangent map of ν : E → Y . Since TE = 〈∂u1, ∂u2〉,
(x1, x2, x3) = (u
2
2, u1, u1u2) and C = (x2 = x3 = 0), we have
Φ(TE ⊗OB) = 〈∂x2 + u2∂x3 , 2u2∂x1〉, Φ(τ
∗(TE ⊗OB)) = 〈∂x2 − u2∂x3 ,−2u2∂x1〉.
Thus Im(Φ) = 〈u2∂x1 , ∂x2, u2∂x3〉. Denote by G the cokernel of Φ. Then G restricting to
a neighborhood of y¯ is a skyscraper sheaf G with stalk isomorphic to C2. Since there are
two τ -fixed points in B, the total length of G on B is 4. Thus we obtain the following
exact sequence:
0→ TB → (TE ⊗OB)⊕ τ
∗(TE ⊗OB)
Φ
−→ (ν|B)
∗(TY ⊗OC)→ G → 0.
Taking degrees of the above exact sequence, we get
deg TB + deg TY ⊗OC = 2deg TE ⊗OB + 4
which implies degNC/Y = 2degNB/E + 4. As before, degNC/Y = −2 and degNB/E =
−(m− 4), hence −2 = −2(m− 4) + 4 which means m = 7. 
Complement of the proof: In the last two cases, we will provide the second type
of valuations which have normalized volume at most 16. A similar study will play an
essential role in the latter argument of Theorem 1.3.4 for the equivariant case, because
there the above argument seems to be not enough to produce an equivariant valuation
with volume at most 16, therefore we need to find a new candidate (see the proof of
Lemma 3.10).
Let ν : E → E be the normalization map. It is clear that E is nodal in codimension
1, hence ν is unramified away from finitely many points on E. Let l¯ be a general fiber of
the Hirzebruch surface E. Denote by l := ν∗l¯.
We will show that v̂olY ′,y′(ordl) ≤ 16. Since we can choose l¯ sufficiently general to miss
the finite points where ν is ramified, we may assume that ν is unramified along l¯, which
implies that ΩE/E ⊗Ol¯ = 0. From the following exact sequence
(ν∗ΩE)⊗Ol¯ → ΩE ⊗Ol¯ → ΩE/E ⊗Ol¯ = 0,
we have a sequence of surjections after applying ν∗:
(3.2) ΩY ⊗Ol ։ ΩE ⊗Ol ։ ν∗(ΩE ⊗Ol¯)։ ν∗Ωl¯ = Ωl.
Since Y is smooth along l, the conormal sheaf N ∨l/Y is a vector bundle. It is clear that
ker(ΩE ⊗Ol¯ → ν∗Ωl¯) = N
∨
l¯/E
∼= Ol¯,
hence the sequence (3.2) gives us a surjection N ∨l/Y ։ Ol. Since ωY ⊗Ol
∼= Ol, we know
that degN ∨l/Y = 2. Hence we have an exact sequence
0→ Ol(2)→ N
∨
l/Y → Ol → 0
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which splits because Ext1(Ol,Ol(2)) = 0. Hence N ∨l/Y
∼= Ol ⊕ Ol(2). Let Il be the
ideal sheaf of l in Y . Then we have an injection (ak/ak+1)(ordl) →֒ H0(l, Ikl /I
k+1
l ) where
ak(ordl) is the k-th valuative ideal of ordl in OY ′,y′. Since
Ikl /I
k+1
l
∼= SymkN ∨l/Y
∼= Ol ⊕Ol(2)⊕ · · · ⊕ Ol(2k),
we know that h0(l, Ikl /I
k+1
l ) = k
2+O(k). Hence ℓ(OY ′,y′/ak(ordl)) ≤ k3/3+O(k2) which
implies that volY ′,y′(ordl) ≤ 2. Since AY ′(ordl) = 2, we have
v̂ol(y′, Y ′) ≤ v̂olY ′,y′(ordl) = 8 · volY ′,y′(ordl) ≤ 16
and the proof is finished.
Next, we treat the equality case of Theorem 1.3.1.
Proposition 3.5. A three dimensional klt singularity x ∈ X has v̂ol(x,X) = 16 if and
only if x ∈ X is an A1 singularity.
Proof. Let x˜ ∈ X˜ be the index 1 cover of x ∈ X , then by Proposition 3.4 if v̂ol(x˜, X˜) > 16,
then it is a smooth point, so v̂ol(x,X) = 27/|G| for some nontrivial G and we get a
contradiction. So by
16 ≥ v̂ol(x˜, X˜)
and Theorem 2.7, we indeed know (x˜, X˜) = (x,X). By the proof of Proposition 3.4, we
see that x ∈ X is either a cDV point or it has a crepant resolution which extracts a
non-normal del Pezzo surface E and a blow up of a curve l ⊂ E yields a valuation with
normalized volume at most 16.
Firstly let us consider that x ∈ X is a cDV point. If x ∈ X is not of cA type, then it
is locally given by an equation (x21 + f(x2, x3, x4) = 0) where ord0f ≥ 3. Then the model
Y ′ → X given by the normalized weighted blow up of (3, 2, 2, 2) satisfies vol(Y ′/X) ≤ 27
4
.
In fact, by definition Y ′ is the normalization of a variety Y ∗ ⊂ W := Bl(3,2,2,2)C4. The
exceptional set Y ∗/X is a degree 6 hypersurface F := Y ∗ ∩ P(3, 2, 2, 2). An application
of the adjunction formula says (KY ∗ + F ) ∼Q,X 3F. Let H denote the class of O(1) on
P(3, 2, 2, 2). As the normalization will only possibly decrease the volume, we know that
vol(Y ′/X) ≤ 33 · (H|F )
3 =
27× 6
3 · 2 · 2 · 2
=
27
4
< 16.
Hence we may assume that x ∈ X is of cA-type. Let Y → X be its blow up of x
with exceptional divisor E. Since x ∈ X is of cA-type, we know that E is reduced which
implies Y is normal by Serre’s criterion. If Y is singular along E at some point y, then
by Corollary 2.12,
v̂ol(x,X) < v̂ol(y, Y ) ≤ 16.
Therefore, Y is smooth. Furthermore, if the model Y → X does not give a Kolla´r compo-
nent, then by [LX16, Theorem C.2 and its proof], we know there is a Kolla´r component
S, such that
v̂olX,x(ordS) < vol(Y/X) = 16.
Thus Y → X has to be a Kolla´r component. This implies that x ∈ X is of Ak type
since otherwise the exceptional divisor of Y/X is given by (x21 + x
2
2 = 0) ⊂ P
3, which is
clearly a contradiction. In fact, as Y is smooth, it is either A1 or A2. For A2 singularity,
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it is known that its volume is 125
9
computed on the valuation v induced by the weighted
blow up of (3, 3, 3, 2). In fact, the three dimensional A2 singularity is labelled as the case
(n, k) = (3, 3) in [Li18, Example 5.3], where v is proposed to be minimizer and v̂ol(v) is
explicitly calculated. Then [LL19, Example 4.7] confirms that v is indeed the minimizer
in this case.
Now consider the case that Y → X extracts a non-normal del Pezzo surface E. We
want to show that v̂ol(x,X) < 16. From the proof of Proposition 3.4 we know that
v̂olX,x(ordl) ≤ 16 for a general line l ⊂ E. Since a minimizing divisorial valuation of
v̂ol is unique if exists by [LX16, Theorem B], we conclude that either v̂olX,x(ordl) < 16
or v̂olX,x(ordl) = 16 for any general line l but then these valuations ordl can not be a
minimizer of v̂olX,x. Therefore, v̂ol(x,X) < 16 and we finish the proof. 
3.2. Equivariant estimate. We have proved Theorem 1.3.1. Theorem 1.3.2 follows from
[LX16, 7.1.1]. In this section, we aim to prove Theorem 1.3.3-4. We need the following
result from [HX09].
Proposition 3.6. Let G be a finite group and (x ∈ X) a G-invariant klt singularity. Then
for any G-birational model f : Y → X, there will be a G-invariant (irreducible) rationally
connected subvariety W ⊂ f−1(x). (In our notation, a point is rationally connected.)
Proof. In [HX09], this is shown when G is a Galois group. But the proof does not use any
specific property of a Galois group, hence works for any finite group. 
Lemma 3.7. Let (X, x) be a Gorenstein canonical threefold singularity. Assume a finite
cyclic group G acts on (X, x). Then v̂ol
G
(x,X) ≤ 27 with equality if and only if (X, x) is
smooth.
Proof. Let φ : Y → X be a G-equivariant maximal crepant model constructed in Lemma
3.2. By Proposition 3.6, there exists a G-invariant rationally connected closed subvariety
W ⊂ φ−1(x). Let W˜ be a G-equivariant resolution of W . Since G is cyclic and W˜ is
rationally connected, the G-action on W˜ has a fixed point y˜ by holomorphic Lefschetz
fixed point theorem. Thus the G-action on W has a fixed point y which is the image of
y˜. Then Lemma 2.9 implies that v̂ol
G
(x,X) ≤ v̂ol
G
(y, Y ). Since (Y, y) is a Gorenstein
terminal threefold singularity by Lemma 3.2, we know that (Y, y) is a smooth point or an
isolated cDV singularity by [KM98, Corollary 5.38]. Hence v̂ol
G
(y, Y ) ≤ 27 by Lemma
3.1 and we are done.
If the equality holds, then by Corollary 2.12, we know that X = Y . Then X has to be
smooth since otherwise, v̂ol
G
(x,X) ≤ 16. 
Proof of Theorem 1.3.3. For singularity x ∈ X and a torsion element of order r in its
class group, we can take the corresponding index 1 cover y ∈ Y . Let y˜ ∈ Y˜ be the index
1 cover of y ∈ Y corresponding to KY . Then there exists a quasi-e´tale Galois closure
(z ∈ Z) → (x ∈ X) of the composite map (y˜ ∈ Y˜ ) → (x ∈ X) (see e.g. [GKP16,
Theorem 3.7]). In particular, z ∈ Z is Gorenstein. Denote by G := Aut(Z/X) and
G′ := Aut(Z/Y ). Then G′ is a normal subgroup of G with G/G′ ∼= Z/r. Pick g ∈ G
20 YUCHEN LIU AND CHENYANG XU
whose image in G/G′ is a generator. Then Theorem 2.7 and Lemma 3.7 imply
v̂ol(x,X) =
1
|G|
v̂ol
G
(z, Z) ≤
1
|〈g〉|
v̂ol
〈g〉
(z, Z) ≤
27
r
.
The proof is finished. 
Next we turn to the proof of Theorem 1.3.4 which follows from below.
Proposition 3.8. Let (X, x) be a Gorenstein canonical threefold singularity whose general
hyperplane section is an elliptic singularity, with a nontrivial G := Z/2-action which only
fixes x ∈ X, then v̂ol
G
(x,X) ≤ 18.
Proof. Donote by σ the non-trivial element in G. Let φ1 : Y1 → X be a G-equivariant
maximal crepant model of X constructed in Lemma 3.2. So Y1 is equivariant Q-factorial,
i.e., every G-invariant divisor is Q-Cartier. By our assumption there is a divisorial part
contained in φ−11 (x) which we denote by Γ. Then by running an −Γ-MMP sequence over
X , we can assume −Γ is nef over X which implies Γ = φ−11 (x).
First we make the following reduction.
Lemma 3.9. We may assume there is a G(= Z/2)-equivariant maximal crepant model
φ : Y → X with an intermediate model g : Y → Y ′ over X such that ρG(Y/Y ′) = 1 and
g(E) is a point for E = Ex(Y/Y ′).
Proof. By the proof of Lemma 3.7 there exists a G-invariant closed point y1 ∈ Y1 over
x. If there exists a G-invariant φ1-exceptional component of Γ containing y1, we denote
this divisor by E; otherwise there exist two φ1-exceptional components of Γ containing y1
interchanged by σ, and we denote the sum of these two divisors by E.
Let us run the G-equivariant (Y1, ǫE)-MMP over X for 0 < ǫ≪ 1. If there is a flipping
contraction Y1 → Y ′1 that contracts a curve through y1, then y
′
1 = (the image of y1 in Y
′
1)
is a G-invariant non-Q-factorial Gorenstein terminal singularity. Since Y ′1 is also crepant
over X , we know that
v̂ol
G
(x,X) ≤ v̂ol
G
(y′1, Y
′
1) ≤ 16
by Lemma 2.9 and we are done. Hence we may assume that a flipping contraction Y1 → Y ′1
does not contract a curve through y1. Then the flip Y
+
1 is another G-equivariant maximal
crepant model over X containing a G-invariant point y+1 over x. By [Kol13, 1.35] this
MMP will terminate as Y1 99K Y → Y
′, where Y1 99K Y is the composition of a sequence
of flips whose exceptional locus does not contain y1, and g : Y → Y ′ contracts the
birational transform of E, which we also denote by E as abuse of notation. Let y′ be
the image of y1 in Y
′. If dim g(E) = 1, then Y ′ has non-isolated cDV singularities
along g(E). Since y′ ∈ g(E) is a G-invariant point, Lemma 3.1 and 2.9 implies that
v̂ol
G
(x,X) ≤ v̂ol
G
(y′, Y ′) ≤ 16 and we are done.
So the only case left is when E gets contracted by g to a G-invariant point y′ ∈ Y ′. Since
Y ′ is Gorenstein and crepant over X , Lemma 2.9 implies that v̂ol
G
(x,X) ≤ v̂ol
G
(y′, Y ′).
Therefore, by Lemma 2.9 it suffices to prove that v̂ol
G
(y′, Y ′) ≤ 18. 
In the above argument, we see that if the indeterminate locus of a flip or its inverse
contains a fixed point of G, then we know v̂ol
G
(x,X) ≤ 16. So we can assume that all
G-fixed points are contained in the open locus where Y1 and Y are isomorphic.
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Therefore for the choice of E, we can make the following assumption which will be
needed later.
♣ : If there are curves or divisors in Γ which are fixed pointwisely by G, we will choose
E containing such a curve or a divisor.
For the rest of the proof, we may assume (X, x) = (Y ′, y′) for simplicity. It is clear
that Y is a G-equivariant maximal crepant model over X as well, so it is Gorenstein
terminal and G-Q-factorial, that is, any G-invariant Weil divisor is Q-Cartier. Since
any G-invariant Weil divisor is Q-Cartier, by local Grothendieck-Lefschetz theorem (see
[Rob76, Section 1]), we know it is indeed Cartier. In particular, the divisor E is Cartier in
Y , so E is Gorenstein. Since (−E) is g-ample, we have −KE = −(KY + E)|E = (−E)|E
is ample. Hence E is a reduced Gorenstein del Pezzo surface.
Lemma 3.10. Proposition 3.8 holds if E is irreducible.
Proof. Since Y has hypersurface singularities, all local embedding dimensions of E are at
most 4. If E is normal, then by similar argument in the proof of Lemma 3.4 we know
that
v̂ol
G
(y′, Y ′) ≤ v̂olY ′,y′(ordE) = (−KE)
2 ≤ 9.
If E is non-normal, then from Reid’s classification [Rei94] in the proof of Lemma 3.4 we
know that either m := (−KE)2 ≤ 4 or E is one of the following:
• A linear projection of Fm−2;1 by identifying a fiber with the negative section;
• A linear projection of Fm−4;2 by identifying the negative section to itself via an
involution.
Let ν : E → E be the normalization map. It is clear that σ lifts naturally to an involution
of the Hirzebruch surface E which we denote by σ¯. We may assume that E is not
isomorphic to F0 since otherwise m ≤ 4 and we are done. Hence the negative curve B in
E is G-invariant.
In the first case, E is obtained by gluing a fiber A with the negative curve B from
E ∼= Fm−2. Since any involution of P1 has at least two invariant points, there exists a
fixed point y¯ ∈ B \A of σ¯. If Y is singular at y := ν(y¯), then we know that v̂ol(y′, Y ′) ≤
v̂ol(y, Y ) ≤ 16 by Lemma 3.1 and 2.9 and we are done. Hence we may assume that Y is
smooth at y. Denote by l¯ the fiber in E containing y¯ and l := ν∗l¯. Since E is smooth
along l \ {y} and E is Cartier in Y , we know that Y is also smooth along l \ {y}. This
implies that Y is smooth along l. Besides, we know that ν is unramified along l¯ because
y is a normal crossing point of E. Thus by similar argument in the proof of Lemma 3.4,
we have N ∨l/Y
∼= Ol ⊕Ol(2) and v̂olY ′,y′(ordl) ≤ 16. Since l is G-invariant, we have
v̂ol
G
(y′, Y ′) ≤ v̂olY ′,y′(ordl) ≤ 16
and we are done.
In the second case, E is obtained by gluing the negative section B via a non-trivial
involution τ : B → B from E ∼= Fm−4. Let y¯ ∈ B be a fixed point of σ¯ and y := ν(y¯). Let
l¯ be the fiber of E¯ containing y¯ and l := ν∗l¯. We may assume that Y is smooth at y (hence
smooth along l) since otherwise v̂ol
G
(y, Y ) ≤ 16 and we are done. If τ(y¯) 6= y¯, then y is
a normal crossing point of E. By a similar argument to the previous case, we have l is
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G-invariant, N ∨l/Y
∼= Ol ⊕Ol(2) and v̂oly′,Y ′(ordl) ≤ 16 so we are done. If τ(y¯) = y¯, then
we want to show that N ∨l/Y
∼= Ol(−1)⊕Ol(3). Let C be the reduced curve with support
ν(B). Then we know that
(3.3) OE = ker (ν∗OE → (ν|B)∗OB/OC)
by [Rei94, 2.1]. Let us pick a system of parameters (u1, u2) of the local ring OE,y¯ such
that the local equation B is (u1 = 0) and the involution τ : B → B satisfies τ
∗(u2) = −u2.
After taking completions, we get
ÔE,y¯ = C[[u1, u2]], ÔB,y¯ = C[[u1, u2]]/(u1), ÔC,y = C[[u1, u
2
2]]/(u1).
Hence ÔE,y = C[[u1, u1u2, u22]] by (3.3). Denote by (x1, x2, x3) := (u
2
2, u1, u1u2), then
ÔE,y ∼= C[[x1, x2, x3]]/(x1x
2
2 − x
2
3).
This implies that E has a pinch point at y. From these local equations, we know that
the scheme-theoretic fiber of ν over y is isomorphic to Spec C[x]/(x2). Hence in an open
neighborhood U of y¯, the sheaf ΩE/E |U
∼= Cy¯ is a skyscraper sheaf supported at y¯ of
length 1. We have the following exact sequence
ν∗ΩE ⊗Ol¯ → ΩE ⊗Ol¯ → ΩE/E ⊗Ol¯ → 0.
Denote by F := image(ΩE ⊗Ol → ν∗ΩE ⊗Ol), then we have the following commutative
diagram
0 F ν∗ΩE ⊗Ol Cy 0
0 Ωl Ωl 0
∼=
where the horizontal sequences are exact. Thus we have a short exact sequence by taking
kernels of vertical maps:
0→ ker(F → Ωl)→ ν∗N
∨
l¯/E
→ Cy → 0.
Since N ∨
l¯/E
∼= Ol¯, we know that ker(F → Ωl) ∼= Ol(−1). From the following surjective
sequence
ΩY ⊗Ol ։ ΩE ⊗Ol ։ F ։ Ωl
we know that there is a surjection from N ∨l/Y to Ol(−1). Since deg(N
∨
l/Y ) = 2, this
surjection splits since Ext1(Ol(−1),Ol(3)) = 0. Hence N ∨l/Y
∼= Ol(−1)⊕Ol(3). Since
Ikl /I
k+1
l
∼= SymkN ∨l/Y
∼= Ol(−k)⊕Ol(−k + 4)⊕ · · · ⊕ Ol(3k),
we know that h0(l, Ikl /I
k+1
l ) =
9
8
k2 +O(k). Since there is an injection
(ak/ak+1)(ordl) →֒ H
0(l, Ikl /I
k+1
l ),
we have ℓ(OY ′,y′/ak(ordl)) ≤
3
8
k3+O(k2) which implies volY ′,y′(ordl) ≤
9
4
. Since AY ′(ordl) =
2, we have
v̂ol
G
(y′, Y ′) ≤ v̂olY ′,y′(ordl) = 8 · volY ′,y′(ordl) ≤ 18.

Lemma 3.11. Proposition 3.8 holds when E = E1 + E2 is reducible.
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Proof. Denote by bk := g∗OY (−kE) as an ideal of OY ′,y′. Since (−E) is g-ample, for k
sufficiently divisible we have
lct(bk) ≤
AY ′(E1)
ordE1(bk)
=
1
k
, mult(bk) = (E
3) · k3.
In particular, we have
v̂ol
G
(y′, Y ′) ≤ lct(bk)
3 ·mult(bk) ≤ (E
3) = (−KE)
2.
From Reid’s classification [Rei94] and the fact that σ induces an isomorphism between
(E1, ωE|E1) and (E2, ωE|E2), either (−KE)
2 ≤ 8 or E is one of the following :
• E is obtained by gluing two copies of Fa;0 along their line pairs/double lines;
• E is obtained by gluing two copies of Fa;1 along their line pairs consisting of one fiber
and negative section;
• E is obtained by gluing two copies of Fa;2 along their negative sections.
We recall the definition of Fa;0 in [Rei94]. For any integer a > 0, the surface Fa;0 ⊂ Pa+1
is the cone over a rational normal curve of degree a. A line pair on Fa;0 means the union
of two different generators of the cone. A double line on Fa;0 is the Weil divisor of twice
a generator.
In the first case, since the local embedding dimension of Ei ∼= Fa;0 at the cone point is
at most 4, we have a ≤ 3. Hence (−KE)2 = 2a ≤ 6 and we are done.
Remark 3.12. We want to remark, up to this point, we do not use the assumption that x
is the only fixed point of G on X .
In the second case, denote the line pairs on Ei by Ai ∪ Bi where Ai and Bi are fiber
and negative section, respectively. Then E is obtained by gluing these two line pairs via a
gluing isomorphism τ : A1 ∪B1 → A2 ∪B2. Since (−KE)2 = 2a+4, we may assume that
a > 0. Denote by ν : E → E the normalization of E. Then we know that σ¯(B1) = B2
and σ¯(A1) = A2 with σ¯ the lifting of σ to E. We separate to two subcases below.
Subcase 1: τ(A1) = B2 and τ(A2) = B1. Thus σ interchanges ν(A1) and ν(B1) which
are the irreducible components of the non-normal locus of E. Hence in E there is only
one σ-fixed point y which is the image of the intersection point of the pair of lines on
Ei. We may assume y is smooth, since otherwise v̂ol
G
(x,X) ≤ v̂ol
G
(y, Y ) ≤ 16. Then the
(common) tangent plane Θ of Ei is fixed by σ, and on it σ interchanges two smooth lines
which are the tangent lines of the pair of lines. Thus the action is either of type 1
2
(0, 1, 1)
or 1
2
(0, 0, 1). Therefore, there is a divisor or a curve on Y that is fixed pointwisely by G.
By our assumption of Proposition 3.8, it is contained in Γ but E does not contain any
such curve. Thus it is contradictory to our Assumption ♣.
Subcase 2: τ(A1) = A2 and τ(B1) = B2. Denote by A := ν(A1) = ν(A2) and
B := ν(B1) = ν(B2). Thus σ preserves A and B. If neither σ|A nor σ|B is an identity, then
there is a σ-fixed point z ∈ E such that E is normal crossing at z. Since σ interchanges
two irreducible components of E, locally at z the G-action is of type 1
2
(0, 1, 1) or 1
2
(0, 0, 1).
Therefore, there is a divisor or a curve on Y that is fixed pointwisely by G and contains
z. But any such curve through z is not contained in E since σ|E only has isolated fixed
point. Thus it contradicts to our Assumption ♣. So we may assume that σ fixes A or B.
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Assume first σ|B is an identity. By the same reason in subcase 1, we may assume that Y
is smooth along B. Consider the following map:
Φ : (TE1 ⊕ TE2)⊗OB → TY ⊗OB.
By the above discussion, we can pick an analytic local coordinate (x1, x2, x3) on Y with
origin at y = A ∩ B such that E1 = (x3 = 0), E2 = (x3 = x1x2), A = (x1 = x3 = 0) and
B = (x2 = x3 = 0). Then we have TE1⊗OB = 〈∂x1 , ∂x2〉 and TE2⊗OB = 〈∂x1 , ∂x2+x1∂x3〉.
Thus Im(Φ) = 〈∂x1, ∂x2 , x1∂x3〉. This implies that the cokernel of Φ near y is a skyscraper
sheaf Cy. Therefore, we have an exact sequence
0→ TB → (TE1 ⊕ TE2)⊗OB → TY ⊗OB → Cy → 0.
Taking degrees of the above exact sequence, we get
deg TB + deg TY ⊗OB = deg TE1 ⊗OB + deg TE2 ⊗OB + 1.
which implies degNB/Y = degNB/E1+degNB/E2+1. Since Y is crepant over X , we know
(KY ·B) = 0 which implies degNB/Y = −2. We also know that degNB/E1 = degNB/E2 =
−a. Hence −2 = −2a+1, but this is absurd since a is an integer. We get a contradiction.
Now we assume σ fixes A pointwisely. By the exactly the same calculation as above, but
replacing B by A, we know that degNA/Y = degNA/E1 + degNA/E2 + 1, where the left
hand side is −2, but the right hand side is 1. This is again absurd.
For the third case, denote by B := E1 ∩ E2 and it is invariant under σ. If σ fixes
every point on B, then we can assume Y is smooth along B as otherwise we will have
v̂ol(y, Y ) ≤ 16 for a singular fixed point y on B. This implies that Y is smooth along
E, as Ei are smooth Cartier divisors along Ei \ B. We have the following short exact
sequence:
0→ TB → (TE1 ⊕ TE2)⊗OB → TY ⊗OB → 0.
Hence we know that
∧2NB/Y ∼= NB/E1 ⊗NB/E2 . Since degNB/Y = −2 and degNB/Ei =
−a, we have a = 1. Hence (−KE)2 = 2(a + 2k) = 10 and we are done. The remaining
case is that σ induces a nontrivial order 2 automorphism on B. Denote by y ∈ B be a
fixed point, then we can again assume it is a smooth point. Since σ interchanges E1 and
E2, similar as before, we know either y ∈ Y is not smooth or y ∈ Y is smooth but Γ
contains a curve which is pointwisely fixed by σ but not E. Thus the latter case is again
contradictory to our Assumption ♣. 
Thus we finish the proof of Proposition 3.8. 
Proof of Theorem 1.3.4. Let L be a divisor whose class in Pic(x ∈ X) is nontrivial torsion.
Let (x˜ ∈ X˜) be the index 1 cover with respect to L. By Theorem 1.3.3, we can assume
the index of L is 2.
If x˜ ∈ X˜ is not Gorenstein, then x ∈ X is not Gorenstein either. The index of KX is
2 by Theorem 1.3.3. Let π : (y ∈ Y ) → (x ∈ X) be the index 1 cover with respect to
KX . If π
∗L is Cartier at y, then L ∼ KX and hence (x˜ ∈ X˜) ∼= (y ∈ Y ) is Gorenstein
which is a contradiciton. So π∗L is not Cartier at y, and we may replace (x ∈ X,L) by
(y ∈ Y, π∗L) since v̂ol(x,X) < v̂ol(y, Y ) by Lemma 2.7. Therefore, we can always assume
that (x˜ ∈ X˜) is Gorenstein.
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By Lemma 2.7 it suffices to show v̂ol
G
(x˜, X˜) ≤ 18. The covering (x˜ ∈ X˜) is not
smooth as we assume (x ∈ X) is not a quotient singularity. If (x˜ ∈ X˜) is cDV, then
v̂ol
G
(x˜, X˜) ≤ 16 by Lemma 3.1. Thus we can assume a general section of x˜ ∈ X˜ is of
elliptic type, then v̂ol
G
(x˜, X˜) ≤ 18 by Proposition 3.8. Hence the proof is finished. 
3.3. Effective bounds on local fundamental groups.
Lemma 3.13. Let G be a finite group acting faithfully on P1, then the smallest G-orbit
has at most 12 points, which only happens when G = A5.
Proof. This follows from the classification of finite subgroups of SL(2,C) (see [Kle93]). 
Proposition 3.14. Let (X, x) be a Gorenstein canonical threefold singularity with a finite
group G-action. Then v̂ol
G
(x,X) < 324.
Proof. We may assume that (X, x) is not a hypersurface singularity since otherwise we
are done by Lemma 3.1. Let φ1 : Y1 → X be a G-equivariant maximal crepant model of
X constructed in Lemma 3.2. By Proposition 3.6, there exists a G-invariant rationally
connected closed subvariety W ⊂ φ−11 (x). If W = {y1} is a closed point, then Lemma 3.1
and 2.9 imply v̂ol
G
(x,X) ≤ v̂ol
G
(y1, Y1) ≤ 27 and we are done. If W is a rational curve,
then by Lemma 3.13 there exists a closed point y1 ∈ W whose G-orbit has at most 12
points. Let H ⊂ G be the group of stabilizer of y1, then Lemma 3.1 and 2.9 implies that
v̂ol
H
(y1, Y1) ≤ 27. Since [G : H ] ≤ 12, by Theorem 2.7 we know that
v̂ol
G
(x,X) < 12v̂ol
H
(x,X) ≤ 12v̂ol
H
(y1, Y1) ≤ 324.
Hence we may assume that W = E is a rational surface. Let us run the G-equivariant
(Y1, ǫE)-MMP over X for 0 ≤ ǫ ≪ 1. By [Kol13, 1.35] this MMP will terminate as
Y1 99K Y → Y ′, where Y1 99K Y is the composition of a sequence of flips, and g : Y → Y ′
contracts the birational transform of E which we also denote by E as abuse of notation.
If dim g(E) = 1, then Y ′ has non-isolated cDV singularities along g(E). Since g(E) is a
G-invariant rational curve, there exists y′ ∈ Y ′ whose G-orbit has at most 12 points by
Lemma 3.13. Let H ⊂ G is the group of stabilizer of y′, if H 6= G, then we have
v̂ol
G
(x,X) < 12v̂ol
H
(x,X) ≤ 12v̂ol
H
(y′, Y ′) ≤ 192.
Otherwise, H = G and we have v̂ol
G
(x,X) = v̂ol
H
(x,X) ≤ v̂ol
H
(y′, Y ′) ≤ 27.
Now the only case left is when g(E) = y′ is a G-invariant closed point. If E is normal,
then by similar argument in the proof of Lemma 3.4 we know that
v̂ol
G
(x,X) ≤ v̂ol
G
(y′, Y ′) ≤ v̂oly′,Y ′(ordE) = (−KE)
2 ≤ 9
and we are done. If E is non-normal, then from Reid’s classification [Rei94] we know that
either v̂ol
G
(x,X) ≤ m := (−KE)2 ≤ 4 or E is one of the following:
• A linear projection of Fm−2;1 by identifying a fiber with the negative line;
• A linear projection of Fm−4;2 by identifying the negative conic to itself via an invo-
lution.
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In both cases above the non-normal locus C of E is a rational curve. Since C is G-
invariant, Lemma 3.13 implies that there exists a closed point y ∈ C whose G-orbit has
at most 12 points. Then we have
v̂ol
G
(x,X) < 12v̂ol
H
(x,X) ≤ 12v̂ol
H
(y, Y ) ≤ 324,
where H ⊂ G is the group of stabilizer of y. So we finish the proof. 
Proof of Theorem 1.5. We will show that |πˆloc1 (X, x)|·v̂ol(x,X) < 324 (note that this gives
a new proof that the algebraic fundamental group of a three dimensional klt singularity
is finite (see [SW94, Xu14]). It suffices to show the inequality
|Aut(X˜/X)| · v̂ol(x,X) < 324
for any finite quasi-e´tale Galois morphism π : (X˜, x˜) → (X, x). By taking Galois closure
of index one covering of (X˜, x˜), we may assume that (X˜, x˜) is Gorenstein. Denote by
G := Aut(X˜/X), then Theorem 2.7 and Proposition 3.14 imply that
|G| · v̂ol(x,X) = v̂ol
G
(x˜, X˜) < 324.
Hence we have shown |πˆloc1 (X, x)| · v̂ol(x,X) < 324. Then the proof follows from [TX17,
Corollary 1.4] which asserts that π1(Link(x ∈ X)) is finite (hence isomorphic to its pro-
finite completion πˆloc1 (X, x)). 
3.4. K-moduli of cubic threefolds as GIT. In this section, we give a brief account
on how Theorem 1.3 implies Theorem 1.1. Such an argument for surface appeared in
[OSS16], and was also sketched in [SS17] for cubic hypersurfaces.
A straightforward consequence from [Liu18] is the following result.
Lemma 3.15. Let X be a Q-Gorenstein smoothable K-semistable Fano varieties, such
that its smoothing is a cubic threefold. Then the local volume of any point on X is at least
81/8.
Proof. The volume of (X,−KX) is (−KX)3 = 24. Then by [Liu18, Theorem 1], we know
the local volume of a point x ∈ X satisfies that
v̂ol(x,X) ≥ 24× (3/4)3 = 81/8.

Lemma 3.16. Let X be a Q-Gorenstein smoothable K-semistable Fano variety, such that
its smoothing is a cubic threefold. Then X is Gorenstein, furthermore, −KX = 2L for
some Cartier divisor L.
Proof. We first show that X is Gorenstein. Assume to the contrary that X is not Goren-
stein at a point x ∈ X . By Lemma 3.15 and Theorem 1.3.3, we know its Cartier index
is equal to 2. If x ∈ X is an isolated singularity, we choose a neighborhood U of x such
that U \ {x} is smooth. If x ∈ X is not an isolated singularity, then since a klt variety
has only quotient singularities in codimension 2, we can choose a neighborhood U ⊂ X
of x such that U \ {x} has only non-isolated quotient singularities. Then by Lemma 3.15
and Theorem 1.3.2, U ⊂ X has only quotient singularities of type 1
2
(1, 1, 0). Thus in any
case we have an open neighborhood U of x such that U \ {x} is Gorenstein. In particu-
lar, KX is a nontrivial torsion element in Pic(x ∈ X) since it is Cartier in a punctured
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neighborhood of x. If x ∈ X is a quotient singularity, then by Lemma 3.15 and Theorem
1.3.2 it can only be of order 2 hence of type 1
2
(1, 1, 1). But this is a contradiction since
x ∈ X is not smoothable by [Sch71]. Hence x ∈ X is not a quotient singularity, which
implies v̂ol(x,X) ≤ 9 by Theorem 1.3.4. But this contradicts Lemma 3.15. As a result,
X has only Gorenstein canonical singularities.
Let X → C be a family which gives a Q-Gorenstein deformation of X to some smooth
cubic threefold such that over 0 ∈ C, X0 ∼= X . By shrinking C, we can assume X 0 =
X ×C (C \ {0}) is a family of smooth cubic threefolds. Then −KX 0 ∼C0 O(2). By taking
the closure, we know −KX ∼C 2L for some Q-Cartier integral Weil divisor L. By inversion
of adjunction (see [BCHM10, Corollary 1.4.5]), we know that X has Gorenstein canonical
singularities. We want to show that L is in fact Cartier.
Assume to the contrary that L is not Cartier at x ∈ X . Since OX (L) is Cohen-Macaulay
by [KM98, 5.25], we know that OX (L)⊗OX is S2. Hence L := L|X is a Q-Cartier integral
Weil divisor on X satisfying OX(L) ∼= OX (L)⊗OX . Thus L can not be Cartier at x since
otherwise OX (L) would be locally free at x. If x ∈ X is a non-smooth quotient singularity
satisfying v̂ol(x,X) ≥ 81/8 then the index has to be 2 by Theorem 1.3.2. If moreover
it is not of type 1
2
(1, 1, 1), then it is of type 1
2
(1, 1, 0), i.e. locally analytically defined by
(x21 + x
2
2 + x
2
3 = 0) in (0 ∈ A
4). Similarly, if x ∈ X has a neighborhood U such that
x is the only non-Cartier point on L|U , then Theorem 1.3.4 implies that v̂ol(x,X) ≤ 9
which contradicts Lemma 3.15. Therefore, L is not Cartier along a curve C ⊂ X . In
particular, C is contained in the singular locus of X and we can replace x by a general
point (x′ ∈ C ⊂ X) which is of quotient type as any general singularity along a curve on
a klt threefold. This again implies it is of type 1
2
(1, 1, 0) by the previous argument.
Since edim(X, x) = 4, we know that (x ∈ X ) is a hypersurface singularity as well. Let
H be a general hyperplane section of X through x. Then (x ∈ H) is a normal isolated
hypersurface singularity. By similar arguments, there is a well-defined Q-Cartier integral
Weil divisor L|H on H satisfying OH(L|H) ∼= OX (L) ⊗ OH . By local Grothendieck-
Lefschetz theorem (see [Rob76]), the local class group of (x ∈ H) is torsion free which
implies that L|H is Cartier at x. Hence L is Cartier at x and we get a contradiction. As
a result, the Weil divisor L = L|X is Cartier and −KX = 2L by adjunction. 
Lemma 3.17. Let X be a Q-Gorenstein smoothable K-semistable Fano varieties, such
that its smoothing is a cubic threefold. Then X is a cubic threefold in P4.
Proof. By Lemma 3.16, we have that X is a del Pezzo variety (see [Fuj90, P 117] for the
definition) of degree 3 and thus L is very ample by [Fuj90, Section 2]. 
Proof of Theorem 1.1. We know at least one smooth cubic threefold, namely the Fermat
cubic threefold, admits a KE metric (see [Tia87] or [Tia00, p 85-87]). Let P34 be the space
parametrizing all cubic threefolds. By [LWX14], there is an artin stack M containing an
Zariski open set of [P34/PGL(5)] such that the C-points ofM parametrize the isomorphic
classes of K-semistable Fano threefolds which can smoothed to a smooth cubic threefold.
Moreover, there is a morphism µ : M→ M which yields a good quotient morphism such
that M is a proper algebraic scheme whose close points parametrizes isomorphic classes
of K-polystable ones.
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Lemma 3.17 then shows that all points in M indeed parametrize cubic threefolds.
Then by a result of Paul-Tian (see [Tia94] or [OSS16, Corollary 3.5]), we know they are
all contained in the locus U ss of GIT semistable cubic threefolds. Denote the GIT quotient
(Uss ⊂ P34) → MGIT. To summarize, we obtain an morphism g : M → [U ss/PGL(5)],
whose good quotient yields a morphism h : M →MGIT.
We then proceed to show that the morphism g is an isomorphism for which we only
need to verify it is bijective on C-points. The injectivity follows from the modular inter-
pretation. The surjectivity on the polystable points follow from the fact thatM is proper.
And this indeed implies the surjectivity on the semistable points since M consists of all
cubic threefolds whose orbit closures contain K-polystable points, which are then precisely
the GIT semistable points. 
Proof of Corollary 1.2. The list of GIT-(polystable)stable three dimensional cubics is pro-
vided by the main results in [All03, Section 1]. Since they are polystable, then the exis-
tence of KE metric follows from [CDS15, Tia15]. 
Remark 3.18. We want to remark that our proof of Theorem 1.1 only uses two pieces of
simple information of cubic threefolds: its volume and Picard group. So we expect such
a strategy with Theorem 1.3 can be used to construct many other compact K-moduli of
smoothable threefolds.
4. Discussions
There are lots of interesting questions on the volume of a singularity. Here we mention
some of them which are related to our work.
As we mentioned before, we expect the following to be true, whose proof would simplify
and strength our result.
Conjecture 4.1. Let f : (x ∈ X)→ (y ∈ Y ) be a quotient map of klt singularities by the
group G, which is e´tale in codimension 1, then
v̂ol(y, Y ) · |G| = v̂ol(x,X).
As mentioned in Theorem 2.7.3 this is known in the quasi-regular case, i.e., if v̂ol(x,X)
is computed by a divisorial valuation. In particular, Conjecture 4.1 holds in dimension 2
by [LL19, Proposition 4.10].
Next we turn to the set (contained in (0, 27] as we show) of volumes of three dimensional
klt singularities.
Example 4.2. Let (Xp,q, x) be the singularity in (A4, o) defined by x2+y2+ zp+wq = 0.
If p, q ≥ 2, 2p > q and 2q > p, then (Xp,q, x) is a quasi-regular canonical singularity with
minimizing valuation v∗ of weights (pq, pq, 2q, 2p) (see [CS15]). Thus computation shows
v̂ol(x,Xp,q) = v̂ol(v∗) =
4(p+ q)3
p2q2
.
These volumes v̂ol(x,Xp,q) are definitely discrete away from 0.
We may ask the following question:
Question 4.3. Is the set of volumes of 3-fold klt singularities discrete away from 0?
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Actually the same question can be asked for any dimension, though we do not have a
lot of evidence. Even for quasi-regular cases it seems to be a hard question.
Example 4.4. Let V be a K-semistable klt log del Pezzo surface. Let q be the largest
integer such that there exists a Weil divisor L satisfying −KV ∼Q qL. Then (X, o) :=
(C(V, L), o) is a threefold klt singularity. By [LX16] we know that
v̂ol(o,X) = v̂olo,X(ordV ) = q(−KV )
2.
From discussions above we know that q(−KV )
2 ≤ 27. Discreteness of v̂ol would imply
that q = o( 1
(−KV )2
).
We also have the following conjecture on the singularities with large volumes in general
dimension.
Conjecture 4.5. The second largest volume of n-dimensional klt singularity is 2(n−1)n,
and it reaches this volume if and only if it is an ordinary double point.
This conjecture is asked in [SS17]. We confirmed Conjecture 4.5 when dimension is
at most 3 in Theorem 1.3. As we mentioned (see Remark 1.4), [SS17] shows that this
conjecture in dimension n together with the finite degree formula (see Conjecture 4.1)
implies in dimension n, the K-stable moduli space coincides with the GIT moduli space
for cubic hypersurfaces. We also note that we indeed only need the finite degree formula
holds for a singularity (y ∈ Y ) appearing on the Gromov-Hausdorff limit of Ka¨hler-
Einstein Fano varieties 1.
Appendix A. Optimal bounds of volumes of singularities
In this appendix we will prove Theorem 1.6 and its logarithmic version Theorem A.4.
Let us begin with proving the inequality part.
For a morphism π : X → C from a variety X to a smooth curve C (over C), we say an
ideal sheaf a on X is a flat family of ideals over C if the quotient sheaf OX /a is flat over
C. For an n-dimensional klt pair (X,∆) and a closed point x ∈ X , we define the volume
of the singularity x ∈ (X,∆) to be
v̂ol(x,X,∆) := min
v∈ValX,x
v̂ol(X,∆),x(v)
where v̂ol(X,∆),x(v) := A(X,∆)(v)
nvol(v) (notice that such minimum exists by [Blu18]).
Lemma A.1. Let x ∈ (X,∆) be an n-dimensional klt singularity. Then v̂ol(x,X,∆) ≤
nn.
Proof. Let C1 ⊂ X be a curve through x that intersects Xreg \ Supp(∆). Denote by
τ : C¯1 → C1 the normalization of C1. Pick a point 0 ∈ τ−1(x), then there exists a
Zariski open neighborhood C of 0 in C¯1 such that τ(C \ {0}) ⊂ Xreg \ Supp(∆). Then
pr2 : X := X×C → C has a section σ = (τ, id) : C → X . Denote by C
◦ := C \{0}. Let a
be the ideal sheaf on X defining the scheme theoretic image of σ. Since τ(c) is a smooth
point of X for any c ∈ C◦, we know that OXc/(a
m)c ∼= OX,τ(c)/m
m
τ(c) has constant length
1This is recently confirmed in [LX17, Theorem 1.7]
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n+m−1
n
)
. Hence (am)◦ is a flat family of ideals over C◦. Thus there exists a unique ideal
sheaf bm on X which extends (am)◦ to a flat family of ideals over C by [Har77, Proposition
III.9.8]. For i+ j = m, applying [Har77, Proposition III.9.8] to V (bibj)→ C implies that
bm ⊃ bibj , hence (b•) is a graded sequence of flat families of ideals over C. Denote by
∆c the pushforward of ∆ under the isomorphism X → Xc, then σ(c) 6∈ Supp(∆c) for all
c ∈ C◦ by our assumption. For a general c ∈ C◦, flatness of b• implies
ℓ(OX0/(bm)0) = ℓ(OXc/(bm)c) = ℓ(OX,τ(c)/m
m
τ(c)) =
(
m+ n− 1
n
)
;
lct(X0,∆0; (bm)0) ≤ lct(Xc,∆c; (bm)c) = lct(X ;m
m
τ(c)) =
n
m
.
Here the inequality on lct’s follows from the lower semi-continuity of log canonical thresh-
olds (see e.g. [Laz04b, Corollary 9.5.39] and [Blu18, Proposition A.3]). Since (X0, σ(0)) ∼=
(X, x), we have
v̂ol(x,X,∆) = v̂ol(σ(0),X0) ≤ lct(X0,∆0; (b•)0)
nmult((b•)0)
= n! lim
m→∞
lct(X0,∆0; (bm)0)
n · ℓ(OX0/(bm)0)
≤ n! lim
m→∞
( n
m
)n
·
(
m+ n− 1
n
)
= nn.

Definition A.2. (a) A flat morphism π : (X ,∆) → C over a smooth curve C together
with a section σ : C → X is called a Q-Gorenstein flat family of klt singularities if
it satisfies the following conditions:
• X is normal, ∆ is an effective Q-divisor on X , and KX +∆ is Q-Cartier;
• For any c ∈ C, the fiber Xc is normal and not contained in Supp(∆);
• (Xc,∆c) is a klt pair for any closed point c ∈ C.
(b) Given a Q-Gorenstein flat family of klt pairs π : (X ,∆)→ C and σ : C → X , we call
a proper birational morphism µ : Y → X provides a flat family of Kolla´r components
S over (X ,∆) (centered at σ(C)) if the following conditions hold:
• Y is normal, µ is an isomorphism over X \ σ(C) and S = Ex(µ) is a prime
divisor on Y ;
• −S is Q-Cartier and µ-ample;
• Sc := S|Yc is a prime divisor on Yc which gives Kolla´r component fiberwisely,
i.e., (Yc, Sc + (µ−1∗ ∆)|Yc) is a plt pair for any closed point c ∈ C.
Lemma A.3. Let π : (X ,∆)→ C be a Q-Gorenstein flat family of klt singularities over
a smooth curve C with a section σ : C → X, such that c 7→ v̂ol(σ(c),Xc,∆c) is constant.
Let 0 ∈ C be a closed point. Denote by C◦ := C \ {0}, X ◦ := π−1(C◦) and ∆◦ := ∆|X ◦.
Suppose there exists a proper birational morphism µ◦ : Y◦ → X ◦ which provides a flat
family of Kolla´r components S◦ over (X ◦,∆◦).
If S◦c computes v̂ol(σ(c),Xc,∆c) for all c ∈ C
◦, then there exists a proper birational
morphism µ : Y → X as an extension of µ◦ which provides a flat family of Kolla´r
components S over (X ,∆), such that S0 computes v̂ol(σ(0),X0,∆0).
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Proof. Let us fix k sufficiently divisible so that kS◦ is Cartier. Since −S◦ is ample over
X , after replacing k again, we can assume that
µ◦∗OY◦(−kmS
◦) =defn b
◦
km = (b
◦
k)
m
is a flat family of ideals over C◦ for any m ∈ Z>0. Then there exists a unique ideal sheaf
bkm on X which extends b◦km to a flat family of ideals over C. By the same reason as
argued in the proof of Lemma A.1, (bk•) is a graded sequence of flat families of ideals over
C.
Denote by α := A(X ◦,∆◦)(S
◦). By adjunction, it is clear that α = A(Xc,∆c)(S
◦
c ) for any
c ∈ C◦. Since −kS◦ is Cartier on Y◦ and relatively ample over X ◦, we have (µ◦)−1bkm ·
OY◦ = OY(−kmS◦). By inversion of adjunction, (Y◦, µ−1∗ ∆
◦ + S◦) is plt. As a result, by
pulling back to Y◦ and Yc we get
lct(X ◦,∆◦; b◦km) = lct(Xc,∆c; bc,km) =
α
km
.
Since v̂ol(σ(0),X0,∆0) = v̂ol(σ(c),Xc,∆c), we know that limm→∞ km · lct(X0,∆0; b0,km) =
α. Hence given ǫ > 0 sufficiently small, we have lct(X0,∆0; b0,km) >
α−ǫ
km
for m ≫ 0. By
adjunction, we know that (X ,∆+ α−ǫ
km
bmk) is klt, and a(S
◦;X ,∆+ α−ǫ
km
bmk) < 0.
Then by [BCHM10, 1.4.3], we can construct a relative projective model µ : Y → (X ,∆)
extending µ◦, such that the exceptional locus of µ is precisely the prime divisor S and
−S is µ-nef. Denote by S0 =
∑
imiS
(i)
0 where S
(i)
0 are irreducible components of S0, then
by adjunction we have
KY0 + (µ0)
−1
∗ (∆0) ∼Q (KY + µ
−1
∗ ∆+ Y0)|Y0 ∼Q µ
∗
0(KX0 +∆0) + (α− 1)S0.
Hence A(X0,∆0)(S
(i)
0 ) = mi(α − 1) + 1 ≤ miα. Therefore by [LX16, Section 3.1], for any
c ∈ C◦ we have
v̂ol(σ(0),X0,∆0) ≤ v̂ol(Y0/(X0,∆0)) = vol
F
σ(0)(−
∑
i
A(X0,∆0)(S
(i)
0 )S
(i)
0 )
≤ volFσ(0)(−α
∑
i
miS
(i)
0 ) = vol
F
σ(0)(−αS0) = α
n · (−(−S0)
n−1)(A.1)
= αn · (−(−Sc)
n−1) = v̂ol(σ(c),Xc,∆c).
Since v̂ol(σ(0),X0,∆0) = v̂ol(σ(c),Xc,∆c) by assumption, we conclude the two inequalities
in (A.1) have to be equalities. The first inequality being equality means that the model
Y0/(X0,∆0) computes the volume v̂ol(σ(0),X0,∆0), so it must be a model extracting
a Kolla´r component S
(1)
0 by [LX16, Proof of Theorem C]; the second inequality being
equality implies A(X0,∆0)(S
(1)
0 ) = m1α, so S0 = S
(1)
0 is reduced. Hence we finish the
proof. 
The following result implies Theorem 1.6 by setting ∆ = 0.
Theorem A.4. Let x ∈ (X,∆) be an n-dimensional klt singularity. Then v̂ol(x,X,∆) ≤
nn and the equality holds if and only if x ∈ X \ Supp(∆) is smooth.
Proof. The inequality case is in Lemma A.1. For the equality case, let us assume that
τ : C → X such that C is a smooth curve, τ(C◦ =defn C \ {0}) is contained in Xreg \
Supp(∆) and x = τ(0) satisfies v̂ol(x,X,∆) = nn.
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By Lemma A.3, we know the model Y◦ obtained by the standard blow up along the
image σ◦ = (τ ◦, id) : C◦ → Xreg × C◦, degenerates to a model µ : Y → (X × C,∆ × C)
which provides a flat family of Kolla´r component S. In particular, over the special fiber 0,
we obtain a model µ0 : Y0 → (X,∆) which yields a Kolla´r component S0 over x. Denote
by Γ0 the different of (µ0)
−1
∗ ∆ on S0. Since S0 computes v̂ol(x,X,∆) by Lemma A.3, we
have
nn = A(X,∆)(S0) · (−KS0 − Γ0)
n−1 = n · (−KS0 − Γ0)
n−1.
By [LX16, Theorem D], (S0,Γ0) is log K-semistable with volume n
n−1. If Γ0 6= 0, we pick
a closed point y ∈ (S0)reg ∩ Supp(Γ0). It is easy to see that A(S0,Γ0)(ordy) < n − 1 and
voly,S0(ordy) = 1, hence [LL19, Proposition 4.6] implies
nn−1 = (−KS0 − Γ0)
n−1 ≤
(
n
n− 1
)n−1
A(S0,Γ0)(ordy)
n−1 · voly,S0(ordy) < n
n−1
and we get a contradiction. So Γ0 = 0 and hence (S0,Γ0) ∼= (Pn−1, 0) by [Liu18, Theorem
36]. And −S|St gives O(1) fiberwisely, thus x ∈ X is smooth, as Y0 → X induces a
degeneration of x ∈ X to C(Pn−1,O(1)) which is smooth. Since x ∈ X is smooth and the
different Γ0 = 0, we have x 6∈ Supp(∆). Thus we finish the proof. 
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